ThC' dirN·t l'llN':lde proble m c·on' i' t" of pr<'dll"tiug tlw fort ·t•, on lhC' hla dt'' givC'II in ndvnnc·c• I ht' nxi,.,ymm<'l rit· flow throu~~;h thc•m . If <lilt' n"'"m .. , t lw 1ni'."nnwt ric· -urf:w e' t 11 be para liC' I to one IIIH>tht>r \\ith tht• ga p hc.
•l\\t'l'll t hem co ns tant , then h~ , ul(nhlt' nmppiug I ht• I'U'l'IHIC' prohlt•rn i' r<'dm·pd I o 11 t wo-dimt•n..,in nu l prnhlt'm 111 n plniH'. A''~lltling 1111 vort i,.it.' norn1alto thi, pln nl' :1nd nn in• ·ornpr('~.-ihh• fluid IC'nd, to n boundnr.\' vain£' pmblem 1\ith the t\\o-dimt•lhion:d pot ential equation u~ t ht• ~ovNning t•quat ion . In this plant' tlwrt•nr<' an infinit l' numhl'r of idt'lltit·:ll nirfniJ,.,,.,uhj(or·t to a gi ve n up~lrt•am vpJo .. ity .
. \ r t unlly, ho\\('V!'r, both dur to delibc mt c d e,.,i~n and the ~rowth of boundni'.Y luyrrs on t lw boundin~ wa lls. t lw n.d j n('('nt s tream s urfat•('s Ill'<' not pumll('l. T he gnp lwtwt't'n th <' lll Vllri<•s wil h nx in l lot·ul ion and is 11"11ally cleneas ing in the do\\ ns t rt'1tm rlir<'r· tion . Tlw present work t'xamines lhenrt'lirnlly the t'fTrr·t of 
Class of Flows to Be Considered
The• flow is a~sumNI In ll<' invi...,·id , irmlul11111111 , 1111<1 int"IIIO- .c, y , and 7-r·urupon('nt-u f v<>lnt·ity frces tream vclot·ity ( 'nrt!'s inn t·oorclinnlt'' t•ont r1wl iou p:tram<>tl'r Discussion on this paper will be accepted at ASME Headquarters until Dece mber 18, 1967 f1o111 a ~t l'il't lw!J-cli llle u~iomd oue i~ " " 'all heu<·•• tlw "''' of t lu· IJhms<' " qua~i two-dinwu~iona l " to <l<'~nihe sud• 11 film .
The Averaged Equations
\\'c 11111 it,ipate that the fluw will bt· ucal'l) 1 wo-dina·n~ional for t he retl.~ous mentioned ubove a nd t haL a" u con,<•quent<', tlw veln<·ily V<'<·tor will lie mniuly in th<' .c-y plane. Thel'(.' will s till be s mull vtdot'ity varia I iuns '"' ''""'~ th<· h <'i~h t oft he There un• two siLuntions to whith C<t untions (7) cw cl (H) may IJc applied. Fi1-st, they could be used to study the fl ow in tt <·hunucl of fiuitn h!'igh t as in Fig. I . The n t he equations apply in a n a pproximate sense in that certain t<>rms have been neglected. O n the oth !'r ha nd, Uwy t•ould be a ppliP<l to Lh<' d <>v<:'IOp<'d form of an n nnuln r ~<trea.m tubc of infin itesima l width t:.b u.s ,.,h own in Fig. 2 .
The flow in t his annulus is exacLly described by equations (7) a nd {X) in the li m it ns the width of t he t u be sl11'inkA to zero. This would correspon d to t he channe l of F ig. I whe n h(x) a nd h'(x) tend to zero, but h'(x)/ h(x) teuds to some fun ction of x.
1 Numbers in brnckel!l dcaignule Rcfere•tces at e nd of puper.
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Blade
Chords
Outside Wa tt Sta tor 
Types of Problems to Be Solved and Methods of Solution Used
\\'e will be in ter!'sled in ,;ituations in wh ieh the bu~ic fl u\\ in the !'i~>UIItel i-; pe rt n rbed by u11 airfoil or n c·aHtHie of airfoil~. I t is k11own t hat i11 plane c·ascade flow:,, t his ba.~ic' fl ow is t he veehll mcu n of t he• up-and-downst ream velocity vc!'lors neross the <·ns-c·nde 12]. A sim ilar mean velocity is al~o the basic flo w eve11 when t he axia l VPIIH'ity is uot <'Onstant 131. In t he pre,;cnt work we will be concerned with i~o l ated n irfoib twd llirfoils in t·a~c·ude 11s sketch ed in Fig. 3 . The :tirfoils perturb the husic flow whe N' mag11itud!' at t he center point of the chord is V m And whose direction is i11 cline d at the angle o to tlw <·hord at t h is poin t. llccause of I he ch annel eonV<'I'I(I'JH·e, t.he spc•Nl of tlw bnsie flow varies unl ike that of a p la11e Ho w. The angle between t he axis uf t·c>nv<:'rgellce nnd t he chord, d<•notcd by X in Fig. 3 , i" the >'lllgge• angle of t h e <:uscade . The problem is 11ow t hat of predic•ting the f:low i nd uced by a. give11 cascade of airfo il" having n k11nwn basic fl ow and clmnnel convergence.
The apprm1!'11 to t he p roblem and m(•thod of ~o l ution tHe modelled on t hat of (2]. In 1 hi~, I he "t h in airfoil" approxinutt ion is used w iLh the flow tangen<·y <·ondit.ion !w ing approximate!) satisfied on the ch ord rather t hun on the s urfuce of the uirfoil itself. Again, >IS in 12], the method of d i~ll'ibut ing singula rities a long t h e chord will be used. Thus a di~t •·ibut i o n of sources a nd vortex is lttid o ut on t he blade chord~ a~ in Fig. 4 in stH·h a way t hat the fl ow is, approxima te ly, tangential to blade :;urfaee.
Unlike th<> plane fl ow t reatmPnL of I'll, ho wever, t he Ringular -,olnticms c·otTfhJ>Ottding to ~ourte" tlltd vortex urc now not known; they appcnr a~ the fundamenta l so luti on~ of PCjlllt l ion,. (7 ) nnd (H) nnd depend 011 t he• (HlrtiC'ula r form of the c·hntll ll'l used.
Boundary Conditions
As in th111 au-foil theory, the a irfoil is tnkpn In '''"'"ist of ll thic·kne~~ f111u·twn y, 4 ' /s( !l. -!It) and u c·amher func·tion ..
A~ an illu!ltrntion rons id!'r til(' rn.sc of an exponcnt ially converging t·hannel, with h = ho !'xp (-ax). Then equation (7 ) heronw ... Till' finding of fundamental solutions for the ubovt• expollentinii,Y c·onv<•rging l'l1nnnel i., quitc t•nsy aud i11volvcs only an t•lcmcnl!lry tran,..formution nnd "cpa rat ion of vnrittblcs. :-iu!'h a duwuel is, h ow('vl'r, p hy::;i<·ally uurealist i!' hC<'tUI"I' it flttres to Ill I infiuill' width fur tiJ),.,trenm and <'<llllnwt~ to zem width fur down-..,[r('ulll. \\'ith u vie w to clarifying the efTerl:-of rcmt rartion for more rPtllistir channels, effort>< wcre made to find the solutions for fuucl~tmentul Mlurce,., and vorte'\c" for l'lllllllll'ls in whic·h (h'/ 11 ) difTI'rn fro m zero only over 11 finite extent of lhe .r-nxis. Out s ide of this region, t he flow i~ I wo-dimens ional. The procechtre nclopted is that described h y Light hill (4( nnd is bused upon t hc u•c of Fouri('r exponential trnnsform-,. Th<' usc of F ourier I'X(>onentialtmn,forms to reduce n pttrt in I difTerenlinl equntion to an ordinnry differential equntion r<'quires that I he dependent v1Lriahl!' vanis h for lnrge argumcnt s. Hinrr t he potentiflls nnd s ln•am fun c tions do no t, possess t.h is pro pert y, t he pi'Ohle m has to hl' fmmu lnted in tcrmM of velocities themselve!<.
.\11 an illus t ration the procedure of ralrula ting lhc 1'-!'omponl'nl of velority duc lo 1111 isolated vuri<'X of unit st rcngt h IO!'Iltcd at thc uril(in in t he .r-y plnne whpt·c t lw c·hnnnel height is /I<J will be out lined followinp; (41 . Since t lw field is romplelely free of "ourc•rs, the averaged c·ont inuit y cqut11 ion is jus t equal ion (5). The avt'l'lll(l.'d inotnlionnlity c·o11tlit io11 ((rquttt ion fi )( is now writtcu us
Till' lli'O!hwt " h.O(.r)O(y)" on lht> righ t h11nd stdl' of cquation ( 12 ) reprc . ... ents t h e line vort ex of :strcngt h h 0 , and 0 is the Dirac delta func·tion. Eliminntinp; (hu ) lends to h'
\\'e now intrmhu-e tlw ' ''Jlon('ntial tnwsfonn 111 tlw """" wa~·
It is <1."'-'umcd that hoth r• 0 and ih
and t hl' jump ronclit ions I"+ I 
wuy. ll owcver, the prohlrm of inverting t lw extrcml'ly t·ompli- 
and ( 17 ) ( ll'o )
In t lw Hhovt• k ~111nds for jk . s11d1 an Psi im~>te ht.>cau"!', i11 1 he present nlsc, for fixed a, t he fir><t o rder !'altulation in </> will be inerea,ingly in>Lct·urate ~a and b become lar~~:c, as then the <'hannclof Fig. 6 t•an be le!<.~ and less regnrdt•d as 11 perturhHiion from'' C'iutllnc l of I'OJl><lallt hC' ight.
Comparison with Previous Works
Two recc11l papt>rs, rt>ft-rctll't'" [.>] and [61 have used a su rfa~e distribut io n of sources in the meau plane (z = 0 ) to achieve lh<' efTcct of varying axial velodty •·omponcnl of fr('Ps trca m vt>lo!'i l y. This undoubtedly a lters 1',.," n.nd I' mt from the I wo-dinwnsio1111i value in equation ( 11 ). The velo<'il y fiplds of the singularity d istributions -..er-e, however, st ill ~alcu l utcd on t1 two-dimens ional hasL-.. F or an i'ola ted airfoil, e.~., K ,.(.r, El would then ~i mply he C ~ ~).
The pt·c~<>nt apprmwh takes lillie of the r.wt that t he fl ow fi!'lds of t he bingul llritie~ themselves arc subjc<'l to tlw same limittLtion n" the free~trcum velocity, namely that tlwy tnke pl:we in a t•hanncl of varying !wigh t. I n both eq uations (.i ) a nd (6), t he inerea:,e in axial velocity for pos itive stagger lead s to a d e<'reuse o f tolnl circulatio n ns compared to a two-dimensional <'aku lat ion with eonslan l axial ve l()(·ity. 11 will hl:' s lwwn that wht•n the 11<'pnrture from lw!Kiimen~ionulity i>-takt•ll illto a(·!·uunt ill the t•ompulatiou of the flow field s o f the :,ourc·r~ and vorlcxPs, therP is a further redu1·t ion of ein•ul11t ion. T lw n•clu!·l inn of <'in·ulat ion due to this latter t•on,.,idemt ion i,., at IPa"t Il K grPat as th ut dne I<J varin t io n of fr<•('s(ream vt>l<wity. fl t.>n t·e the ill!·o rpomtion of s u('h tlll additional detail is not m cr<'I.V of a!'ll.ci<'mic interf'sl . Thf' formulation itself is in m t ii' C' l(t'nl'l'al te m ts unci C'nabl!'~" widet 
Discussion of Results
A n llmher of cxamples indndinl( i;,olated uirfoils a nd oirfoib in t'>t.~cade have hcen worked o ut. In n il the,e, ntte ntinn hn,; . .
"'
1. 00 ,---~,.-----,-----,----,------ wns set equal to 0. 1 '"'d I he me1\n n n~l e o f atta<'k of t he airfoil wa.~ put nt 15 deg. The <'On t •·a<·t ion effect is lill<'llr in a, however, so that the n.bt>v!' ratio o f t h<' l wo t·irculations l'!lll be scaled to otlu•r vulue, of 01. The worked pxumples im·l~tdc flat plate !'lls<·•ules, l'it·culur nrc t•ns(·ude,, nnd <·U.~<'ades with 1 hickncss. I n the latter examp le~, the t hi cknE>ss dist ribution was that of symmetriml J onkowski airfoik The principa l re,;nlts are given in F igs. 7-13. In Fig~. 7 0, l he e ffect of up-and d ownstream <'tmlmctions on :ln otherwise pla ne (•fis<'ad e is ~h own for the ci r<·ulation of an i;,olated flat p lat('. The fi r,..t two graphs ,..how the e fTe!'l of a n 18 pert•etll eon tra!'lion on an airfoillo!'nted at va rious distunecs away from t he contmction . The efTed, though smnll, <'Ollie! amoun t to a few per<:t.>nL in some applicatioiiH. In fo'ig. !l, Oil(' e nd of the ~ti rfoil touthe,; the <'OIIt mdion but the le11gth of t he t'on tract ion region varies, thus vm·y ing, with n fixed a of 0.1 , t he channel height ratio up to a maximum o f 1.82. Again the efTPrls a re mode:<t hu t noliceabll•. The remni11ing rxnmples t reated all have the a irfoi l within tlw ('O n t md ing t·egion . I 11 t hesc, one of the principtd variables is Lhc exten t o f the re~~:i ()ll of 1·on tract ion, denoted by E. I n nil cuses it wa.~ grenter t ha n l ht-axiul p roje1·tio11 of blade thord.
A ty picn l result fn1· " <·nmpt·e,-.-.,r t·as<·nde in u <·on tnt(·l ing eh1111-
.5 ncl is Khown in Fig. 10 . There, while there are some d itTere ll ('('~ with lhickn<'"-" and camh('r, the effect of <·ontrn.<·tion i' to reduce the circuiHt ion below it;, two-dimens io nal value hy nhout I 0 percent. Fo r co mpari~<on, the <·h>UIIIel contraction ratio is O.H7. The extent of contraction also has an ofT e eL on the airfoil <·ir<·tdn-t io n even if t.hc <'Ont m<"t ion a e ros~ I he !'a scadc i t~e lf remains coniltfl n t ns shown in Fig. J I. Thi~ cfTl'<'t is more untireable in n en~eadc t hau for nu i~o l nted airfoil hut depend~ ><nmewh at upon nirfoi l geo metry (Fig. 12 ) . The e tTecl of s tnggcr > lllglc is shown in Fig. 1 :1, where it is ~Cl' ll that a min imum appears . I n these case.~, the speed-u p of the >\Xial velocity a<·ross the l'aHt'!tdl' is a bout l!'i percent or so; there is a some what lesser reduc tion iu ('il'(·ulatiou, but still it is of suffi cie nt magnitude t o be important in a tcchnicnl A.pplica t ion.
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The fl ow angle leaving the t•aseade i~ of more d ired interest in applit·at io n. Two etTects l'Untributc to cha ngin g the fl ow direetiou through •·ast·ndes with axial contrud ion, the circulat ion about t he b l ade:~ and the speed-lip of nxial vt-lodty. The la tter e ffect tends to make the leaving velocity vc<·tor more axial, nnd thus it in t" rea~e~< the fl ow tuming for a compre~sor cascade. On the other h uud the genernl reduetion of <·ir<·n lntion rau~ed by the r ha nuel contmction tends to offset this eiTec·t , sugge,.,ting that the leaving fl ow angle may he re lntively 11 nchauged from it.~ twodirnensionnl vH.Iu<.' .
The leaviug angle is <·ouvenit•n t ly cxpres,.,<•d ns t he dPvint ion fro m the ai rfoil e xit camber angle. Cul<•u la t iu u~ of the de viation a ugle, fl ow t uming nnd inlet irwidC'n ce unglc were cal'l'ied out for a c·ircular an· ca st·ade in both t wo-d imensimuil and qunsi twodimcnsional !lo w. The t·hnnnel (·on tract ion resu lted in n 1 :~ pereen t incn·n~e in axial veloc·ity M'I'Oi$.~ the Cl\scade. Th c~e result!! :u·e tahnlatNl in Tnhlt• 1. The re it is st•('n thnt for th<' larger 11nglc of nll >H'k and higher , ,uJiditie" tlw <"ITP<'l of chnnnl'l <·on-traetion is to inneasc the deviation by nbont two dcg or less. These t·ompnrisons arc not made a t t he snmc in let incidence angl<", howl'Vl'r, H lt hon~~: h the PITP<"l of in<"id l'IH'C ~honld be s li~~;h t. at the highest solidity . A s imifnr re;;ult was fo und for t'IIH <'IldPs of Ant plate nirfoil' < where for stagger auglt•;; rnuging fmm -:30 to 60 deg nnd "olidity of 0 .. ; to 1.2.'), chounel ~ontraclion of t he llhovt> a mount <'>lll~<"d only n ,.,light dutngP iu devint iou, being grenter for the h igher solidities and les~er tha n t hC' < ·orrespomling I wo-dimenRional value for the lower ~o l idit ies.
T he rE.'duC'lion in ci rru lntiou is somewhat greater for pmely <·nmbe red bla des n>-is seen from T able I. Then, l lie dl•vint ion angle departs unly Hlightl.v fmm the twn-di men, ional vnhl<' >1nd it
ln a rece11t I'Xperimenta l stucly [R] "" the e iTI't:ts of l'hun rw l t•ontraetioll on performan c-e of t•ns<·ad es, it is propo»ed thut thc• in crt:>ase in nx111l veloc·ity rNhH·I's t lw dPvint ion ungll' linruJ"ly with tlw axial vcloc·i ty ra.t io ac·ro,s I hi' t·a.scarle ~ed iou. T he present t"nlculatiuns do indicate a si milar linear dcpe nrlcnc•l' upon t he axial velocity mt io ; howevN, a s the res ult s <If T ahll' 1 show, t hc•rc is not always ll dcnca.se in deviation IWI( il' . I n fact, the <'hangc in deviation unglt' seems to d<'p<' tHI upon all the parameters of t he l"nsc·ad e and /low geomet r.v. ll d oes appea r that the du1ng1' in deviati011 angle is relative ly modest in the c x>tntples tahuluted in Table 1 and that t he more important t"hanf.(e is in the eirculnt ion :thont the blad('s.
A computing progmm has bN•n developl'd to t·atTy out the calculations iu tlw present w01·k. I t i~ available in the fonn of a report (9]. . . . . • 27r
Three-Dimensional
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APPENDIX 2
Fundamental Singular Solutions in a Cascade
Con:-idt'r lht> ''""~'of n C'onlm<"lion that fully <'Overs the ch ords . The chord s a rc tnk<'l l ns two unit-. long. The 1\xis of convergence is a long t.he ('l\srnde axis nnd t lw convergent'(' is located so that 1 h <! ('enl<'rli n<' oft he C'onvergen('C and that of the chords coincide. 
Th(' veloc<il ~ normal I o t lw C'hord nt P dnc In I he u nit vortex a l s. ...,, ... S 1 , 8 0 , S,, ... 8.,. The first pori ion of K .... (.c, t) is
This portion is s ummahlc in e lost><l form nnd t il<• s um is (HPI' Appendix I of [21 ):
Tlw .\"In he 11.~ed ahovc will be di~c,ussed later.
:J Compute (N -+ I )(X + 2) <·oeflic·ienls in the d ouble Fourier   series exp a nsion of K ,.,(x, t) , i.t·., With regard lo t h e X, we "elc<·l nrhitmrily some N, carry out t h (' solut ion of t he set o f simultuncous equations,nlld then rhet·k whether the deeay o f lh<' lust a.'8 is mpid enough for t he ehos<•n X. EvC'II for c·om pli!'l\INI <'>l.~<'ade !I;<'Ometries, the usc of N = 4, i.e., using a .>-term description of t he vorticity series, ~ems sutisfnl'lory (i.e., rupid decay of thC' last few a.'s is observable).
The iulcgrn.ted Inial <·in·ublion Ntmtls ~ (ao + r~) and depends only "" ti1P lir~t. two terms of l hl' vodicit y ~erie~. For chu'*'" N, one has to t•ompute (,\' t-I) eoeflicieuiM in t he d-~erie~ and (.\' + J )(.V + 2) c·oeliicien ts in the 1>-serie~, and ~o the labor of compuiat ion inneaM'" r11.t her s t<'l'ply with inrreu~e of K. Th<'re is OllP anu lyti!'al diflicully ""~oc i uted with K ,.,(r, ~). l~o r all t•ases where t he c·ontrltCI io n fully <·overs I he a irfoils K.,(x, ~) hns a weak lognrithmi<· singularity behaving likp ln(lx ~~ ). The rest of K ,.,(r, ~) is c·on t i11uouH nnd eun be d irPct ly fed inlo t h e <·<unputer for double F ourier nnnly8i:s. Tho double Fourier anulysis of In lx -~~ run be got. by using Cauc·hy principal values. T h is expansion i~;, of c·ou r><c, not. <·nnverg('nl aln11g.r -f J t i~:
ln lr-~~ ~ Pnnted in U. ~-.\.
